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Purpose. We considered a non-stationary optimal control system with delay. Non-
stationary optimal control systems are described by systems of differential or dif-
ferential-algebraic equations. Variable coefficients do not allow, in general, to con-
struct a solution to such systems in quadratures. Numerical or asymptotic methods
are used to solve such systems. Design / Method / Approach. In this paper, as-
ymptotic methods are used, in particular, the Feshchenko-Shkil' method for inte-
grating singularly perturbed systems and the Wasow’s method for systems with an
unstable spectrum. Findings. In this paper, we construct a transformation that re-
duces the optimal delay control system to a system that does not contain terms
without rejecting the argument. This transformation makes it possible to integrate
the system by the method of steps without solving systems of differential equations
at each step. Theoretical Implications. The system of equations obtained as a
result of the transformation of the original system is somewhat easier to study in
terms of building a solution. However, the problem of optimizing the control of both
systems requires both a separate mathematical study and clarification of the prac-
tical reality of spectrum instability in such systems. Practical Implications. If the
instability of the spectrum is caused by the degeneracy of the main matrix, this
leads to the unboundedness of the system solution as the small parameter ap-
proaches zero. The aforementioned growth of the solution can create emergency
situations in real systems. Originality / Value. The delayed control systems in the
described formulation are studied for the first time. Research Limitations / Future
Research. Future research concerns solving the problem of optimal control of sys-
tems with an unstable spectrum and studying the question of the reality and phys-
ical meaning of turning points in specific systems. Paper Type. Conceptual Paper.
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3ajaui onTuMizanii mporecy KepyBaHHS, IO OIHCYETHCS CUCTEMOIO Ande-
peHmianbHuX a0 audepeHIianbHO-aIreOpIIHIX PiBHAHD BUNNISAY

.

dx
eB(t, ¢) Frin A(t, &)X+ C(t, &)u

HEOIHOPa30BO mociimKyBaiuchk y mpansx B. II. Sxoemsa, O. B. Tapacenko y
3B 53Ky 13 IIMPOKUMH NPAKTUYHUMH 3aCTOCYBaHHIMH, 30KpeMa Yy paIiOTEeXHill.
3anmcaHa cuctemMa aiareOpuuHoO-An(pepeHIiaIbHUX PIBHSIHB ONUCY€E HECTAIllOHa-
pHUII Ipolec Ha JOCHTH BEINKOMY ITPOMIXKKY dacy.

Peanphili cuctemi 31e01bII0r0 MOTPIOCH NESIKMKA Yac Ui pearyBaHHS Ha
BXIiTHUH CHTHAJ 9¥ 30BHILTHIO Jif0, TOMY CHCTEMH KepyBaHHS 3 IMICIIII€I0 BUBYA-
I0TBCS TIPH PI3HUX MOCTaHOBKax 3ana4 ontuMizanii (Boykov & Krivulin, 2021;
Michiels, 2021; Stanzhytskyi, 2023). [Ipukmagom 3ragaHoi CHCTEMH € CHCTEMa
JMIHIAHUX PIBHSHD 3 MICISAIIE€I0 BUDISTY

£ = A(t, &) + B(t,0)(t — A, ) + C(t, £, (1)

Tyt A(t, ) Ta B(t, &) — xBaaparHi Matpuili n-ro mopsaaky, C(t, €) — (n x m)-
marpuns, X(t, £€)— n-BUMIpHUN BEKTOp cTaHy, U (t, £)—m-BUMIpHHUI BEKTOP KEPY-
BaHHs, &> 0 — nitficHuid Manuii mapamerp, ¢ € [0; T]. T<+ oo,

IIMono ocTanHBOTO AOAaHKa cUCTeMH (1), TO BEeKTOp KepyBaHHS MOXE TaKOX
MICTUTH BiJXWJICHHS apI'yMEHTY, [0 Ha3MBAIOTh 3alli3HEHHSIM KepyBaHHs. 3aru-
CaHi BHIIIE CUCTEMH MOYKHA BBEICHHSIM IOBIIBHOTO Yacy ¢ = £-73BECTH JI0 CUCTEM
3 MOBUIHHO 3MIHHUMH KO€(]illiEHTaMH, J0 SIKMX MOXXHA 3aCTOCYBATH aCUMITOTH-
yHi MeTonn Pemenka-11Ikins, mepeBaroio SKUX nepes YHUCEIbHIMH METOAAMH €
AHAIIITHIHUH 3aITUC PO3B'SI3KY.

MeTa i 3aBgaHHAa

PosnisiHemo 3a1a4y onTUManbHOTO KepyBaHHs cuctemoro (1). s sragaHoi
CHCTEMH CTaBUTHCS OCHOBHA IIOYAaTKOBA 3aJ/ia4a: MoOyayBaTH po3B'I30K, SIKHH Ha
MPOMIXKKY ¢ € [- A; 0) 33I0BOJNBHSIE YMOBY

X(t,e) = g(t, o). 2)

[MocranoBka 3aaadi MoOyI0BH ONTUMAIILHOTO PO3B’s3Ky cucrtemu (1) Ta Bin-

IIyKaHHS TAaKOTO BEKTOPY KEpyBaHHS, 100 3a/I0BOJLHUTH KPHUTEPi SIKOCTI BU-
sy (Stanzhytskyi et al., 2023)

Je) = (T, ), W)~ inf

y 1iii poOOTi HE PO3MIANATUMETHCS, 1€ CKIIaJaTUMe MpeaIMeT OKPEMOTO JOCITi-
JokeHHs. OCKITIBKY KOS(IIIEHTH CHCTEMH € 3MIHHUMH BEJIMYMHAMM, TO TaKi CHC-
TEMH Yy 3araJlbHOMY BHITAJIKy HE 3BOIATHCS 10 KBAIPATYP, OTXKE MOTPEOYIOTH 3a-
CTOCYBaHHS YUCEIIFHUX a00 aCHMITOTHYHHUX METOJIB. 3aCTOCYEMO ACHMIITOTHY-
Hu#t meton ®Pemenka-11Ixins st moOynoBu GyHIaMEHTaIBHOI MATPHII JiHIHHOT
CUCTEMH, IO YTBOPEHaA i3 cucTteMu (1) BIAKMIAHHSIM JOAAHKIB i3 3alli3HCHHIM Ta
BEKTOPY KepyBaHH!, a TakoX MeTo B. Ba3zosa, po3poOieHuii 1t iHTeTrpyBaHHS
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CUHTYJIIPHO 30ypPEHUX CHCTEM 13 HeCTaOIIbHUM CIICKTPOM TOJIOBHOT MaTpuili. Ha-
SBHICTh (DyHIAMEHTAIEHOI MAaTPHIl Ja€ MOXKJIMBICTB 3BecTH cuctemy (1) mo Ta-
KOi, 1110 He MICTHUTb JI0JJaHKiB 0€3 BIAXHMJICHHS apryMEHTY, OTKe JUIsl IHTerpyBaHHS
noTpedyBaTUMe TiTbKH BUKOPHCTAaHHS METOLY KPOKiB O3 pO3B’sI3yBaHHS CHCTEM
mudepeHianbHUX PiBHIHB HAa KOKHOMY Kpolii. Briepiie Take nepeTBopeHHs CH-
CTEM i3 3aIi3HEeHHAM Y BHITAAKY CTaOUTFHOTO CIEKTPY TOJOBHOI MaTpHIli OyiI0 BH-
koHaHo y mparsgx M. 1. Hlkins ta FO. I1. ITiguenka. Y il po6OTi BHKOHAEMO TO-
JiOHe MepeTBOPEeHHs Ul CUCTEMU ONTUMAaJIbHOTO KEPyBaHHS i3 3aIli3HEHHSIM Y
BUTIAJIKy HECTAO1ILHOTO CHIEKTPY. Brieprie mocimkeHHsI CHCTeM 13 HeCTa0lmbHUM
CIIEKTPOM, 1 30KpeMa, i3 TOUKaMH IIOBOPOTY, po3rnoyaro y npausx B. M. Jlefigypu.

AcHUMITTOTHYHE 300pa)keHHS PO3B’sA3Ky Oymb-sAKOl 3afavi omTuMisarii icTo-
THO 3aJIC)KUTH BiJl CIIEKTpPY B'S3KH MaTpulb (y BUNAIKy AudepeHianbHO-anreo-
PUYHUX PiBHSAHB) 200 Bifl CHIEKTPY TOJIOBHOI MAaTPHIlI CUCTEMH (UL cyTO audepe-
HIliaJbHUX PiBHSHB). OCKIIbKY Ha/iai HTUMEThCs po cuctemy (1), To 3anuiiemMo
il XapaKTepUCTUYHE PIBHIHHS:

A(t,0) — A(HE. (3)
MaTepianu i meToam

BukopucTaemMo 3rajgaHi BUIIE aCHMITOTAYHI METOIH s MOOYI0BH (yH1a-
MEHTaJIHHOI MAaTPHUIli CHCTEMH
ax

e = At 0%, &)

yTBOpeHoT i3 cucremu (1). BumararuMeMo BUKOHAHHS TAKUX YMOB:
1°. Marpunsa A(¢, €) 300paxkyeTbes 301KHAM CTENIEHEBUM PAIOM

A(t,€) = Xito Ar(D),
Jie IONaHKH ITPABOT YaCTHHU € HeepepBHUMH (QYHKIIISIMH Ha TPOMIKKY HOOYI0BH
PO3B's3Ky. AHAJOTIYHUMHU PSIIAMH TaKOXK 300paKYIOThCS 1HILI MaTPUIll CUCTEMH
(1) Ta movaTKOBHIT BEKTOP (2).
2°, KopeHi XapakTepHCTUIHOTO PiBHAHHS (3), TOOTO BIIACHI 3HAYEHHS Mart-
puti A(t, 0), € mpoctumu s ¢ € (0; T, i 30iraroTbes B Touwi ¢ = 0, mpuIomy €
CYTO YSIBHUMH, a Came:

3°. Icnye HeocoOmMBa Matpuus 7(¢) Taka, IO CIPABIKYEThCS PIBHICTh
T 1A,(O)T = A@®) = diag{1,(t), 2,(@&),.., A, (O}

Cucremy piBHSHB 13 TAKOIO MaTPHICIO HA3UBAIOTh MaiKe J1arOHaJIbHOIO.

[Tobynyemo dyHnamentanbHy Marpuilio cucreMu (1). OdMexumocs nuie
ANTOPUTMIYHOIO YaCTHHOIO TTOOYIOBH 0€3 JOBEIECHb MaTEeMAaTHYHUX TBEPKEHb.
JetanbHi 3amucu peKypeHTHHX (opMyIT i acHMITOTHYHI OLiHKK HaBeaeHo B (Ca-
MyceHko et al., 2024).

ITincTaHOBKOIO

X(t, &) = U(t,e)Z(t, €),



Challenges and Issues of Modern Science, 3 (2024) 131

ne U(t, &) — kBampaTHa MaTpHLs PO3MIpY 71, IKA 300pPaXKyeThCS PAAOM BHUIIISLY
(3), micTameMo cHCTeMy PiBHSHB I HEBimoMoro BekTopa Z(t, £):

U(t, ) % - (A(t, Ut €) — ¢ d”‘f)) (t, ©),

Hesimomi Marpui 306pakenns U(t, €) GynyBaruMeMo Tak, 1100 CIpaBIKy-
BaJIUCS TaKi TOTOXKHOCTI:

du(te) _

A(t, e)U(t, ) — ¢ et

Ut e)(At, &) + €™ 1Chua(t, €).

[pupiBHIOIOYN KOe(IIliEHTH MPH CTETEHSAX MaJoro IapaMeTpa B OCTaHHIH
TOTOXKHOCTI, JICTAHEMO PIBHSHHS [T BA3HAYEHHS TIEPIIUX 71 JOJAHKIB P AJIst
HeBizomoi matpurt U(t, €), Ta Bupa3 st MOXUOKH Cp, 41 (¢, €), 10 YTBOPIOETHCS
HE CKOMIICHCOBAHNUMU JONAHKAMH.

CrcTeMa MAaTpUYHUX PiBHSHB JUI BASHAYCHHSI HEBiIOMHX JTOIAHKIB y 300pa-
xerti U(t, €) = Yp—o Ur (t) mae Bunsin

Ao () Uy (t) — Up(£)A(t) =0,
A (®U(D) — U (DAo(8) = 22D 4 B (8, Uy, £),k = 12, .m.
Tyr Ao(6) = A() = diagy (£), A(0),, An(D)}.
3acTocyBaHHS OMKMCAHOI MPOLIEAYPHU IPUBOIAMTH 10 CHCTEMH PIBHSHB
dz -
ed—j = (A(t, &) + €™ Cpy4 (L, €))7,
110 3 TounicTio 10 0 (e™*1) inTerpyernes y kBagparypax:
Z(t,e) = U(t,e)exp {7 ! fot A(s, €)ds} ¢,
oTIKe, MaTHMEMO (DyHIaMeHTaNbHy MaTpuiio cuctemu (1):
m
X(t,e) = U(t,e)exp {71 fot A(s,£)ds}U™L(0,€) + £9+1C, 44 (8, £),

matpuiis Cy, 41 (t, €) € piBHOMIpHO 0OMEKeHO0 HaBKoI0 ToukH (0; 0).
Jami ckopucTaBIICh GOPMYIIOI0

(A+B)1=A"1—AYE+BA ) 1BA™Y,
3HANIEMO
mq
X"t &) =exp{—e?! fot A(s, )ds}U™(t, &) + €9+1D(t, €),
ITicost migcTaHOBKA
X(t, &) =X(t, &)yt )
3 ypaxyBaHHSAM Bupasy mnsi X~ 1(t,€), micraHeMo cucTeMy, IO 3 TOYHICTIO JIO

md
0 (sq“) HE MICTUTHME JIO/IaHKiB Oe3 BiIXWJICHHS apryMEeHTY (3aIli3HeHHS):

y mq
g% = M(t,&)y(t — A €) + N(t, &)U + €9+ 1R(t, €). )
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PesynbTatm

TakuMm 4MHOM, CHCTEMY ONTHMAIBHOTO KepyBaHHs (1) i3 3ami3HEHHSM 3Be-
JICHO IO CHCTEMH PiBHSAHB (5), 0 HE MICTUThH €JIEMEHTIB 0e3 BiIXHICHHS apry-
MEHTY, III0 Ja€ MOXKJIBICTD iHTETPyBaTH OCTaHHIO METOJJOM KPOKiB, HE pO3B’s3Y-
104U Ha KO)KHOMY KpOLli CHCTEMY 3BHYAiHUX qudepeHuianbHuX piBHsAHb. [100y-
JIOBa TIEPETBOPEHHSI, 3BUYAIHO, TIependadae po3B’ I3yBaHHA CHCTEMH O(epeHti-
aNBHUX PIBHSHB, aJIe 1Ie BiI0YBAETHCS OJMH pa3, a He Ha KOKHOMY KpOLIi.

BucHOBKM

Cuctema (5), oTpuMaHa B pe3ybTari nepeTBOpeHHs cucteMH (1) € nerio mpo-
CTILIOIO TSI TOCTIDKEHHS 3 TOYKH 30py MoOynoBH po3B’si3Ky. [Ipore 3amada on-
TUMi3anii kepyBaHHs cucteMamu (1) 1 (5) norpedye sik OKpeMOro MaTeMaTH4YHOTO
JIOCII/KCHHS, TaK i 3’ ICYBaHHS MUTaHb PO MPaKTHYHY pealTbHICTh HECTa0IbHO-
CTI CIIEKTPY y TAKHUX CHCTEMax. SIKII0 HeCTaOIbHICTh OB’ sI3aHa 13 BUPOHKCHHIM
TOJIOBHOT MaTpPHIIi, TO II¢ IPU3BOIUTH O HEOOMEXEHOCTI (3pocTaHHi mpu £ — 0)
PO3B’SI3Ky CHCTEMH, 110 MOXKE CTBOPIOBATH aBapiiiHi CUTYyallii B peaJIbHUX CUCTe-
Max. Taxk, y Teopii JiHIHHUX CHCTEM 31 3MIHHIUMH KOe(DillieHTaMHU TOCIiIKY€E€ThCS
TakK 3BaHa «CTIMKICTh PO3B'A3Ky Ha CKIHUEHHOMY NMPOMIXKKY». HecTilikicTio Ha3u-
BAaIOTh CUTYAIIiI0, KOJHM PO3B'SI30K NEPEBHUIYE Halepen 3aJaHy BeandnHy. Hass-
HICTh KEpPyBaHHS Jla€ MOXKJIMBICTh YHUKAaTH TakuX 3pocTansb. llle omun Hampsm
JIOCIIIKEHb CTOCYETHCS TIOOYIOBH PO3B’SI3KY anreOpiaHO-ar(epeHIiaTbHAX CH-
CTEM i3 HeCTaOlIbHUM CIIEKTPOM Y pa3i TOTO)KHOTO BUPOKEHHS MaTPULIi TIPH T10-
ximHii. Tyt came o3HaueHHs1 HecTablIbHOCTI oTpedye aHamizy. JocmipkeHHs B
I[bOMY HAIpPsIMKY ITPOBOIXUTHMYThCS HaJalli.
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