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Modeling fin efficiency considering transverse
temperature gradients in rocket engine
cooling channels

Volodymyr Sliusariev ), Valerii Bucharskyi

Purpose. This study aims to improve the accuracy of methods for determining fin efficiency. Its goal is to derive
calculation relationships for finning coefficients that account for transverse temperature non-uniformity within the
fin cross-section. Design / Method / Approach. The article presents the reduction of the heat conduction equation
for a fin to a dimensionless form, based on dimensional analysis of the variables involved. Further development
relies on analyzing the results of numerical simulations and their subsequent generalization. To this end, the
gradient descent method is applied, minimizing the quadratic error function. Findings. A criterial dependence has
been formulated to complement the derived heat conduction equation. Test calculations and comparisons with
numerical simulations in Ansys Fluent confirm an improvement in calculation accuracy when using the proposed
equation. Theoretical Implications. This paper addresses factors previously neglected in the analysis of heat
transfer in fins. The results of the study thus complement existing approaches to determining finning coefficients.
Practical Implications. The derived criterial relationship will enhance the accuracy of heat transfer calculations
in the chambers and gas generators of liquid rocket engines. Originality / Value. The paper introduces an original
criterial relationship that accounts for temperature non-uniformity across the fin cross-section. Incorporating this
factor improves calculation accuracy, highlighting the practical value of the developed equation. Research
Limitations / Future Research. This study focuses on rectangular fins; therefore, the proposed model is not
applicable to fins with variable thickness in the ducts of liquid propellant rocket engines (LPREs). Developing a
fin model without these limitations will be the objective of future research on this topic. Article Type. Applied
Research.
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MeTa. [JaHa pobGoTta crnpsivoBaHa Ha MiOBULLEHHS TOYMHOCTI METOAiB BM3HAYEHHS1 edheKTUBHOCTI OpebpeHHs.
MeToto po60oTK € OTpPMMaHHS PO3pPaxyHKOBWMX CMiBBIOAHOLEHb Ansi KoedilieHTiB opebpeHHs, Lo BpaxoBylOTb
TemnepaTtypHy HEpiBHOMIpHICTb y nonepeyHomy nepepisi pebpa. OusanmH /| Metom / Mipxip. Y crarTi
npegcTaBneHi pesynsratv NpUBEAEHHS PIBHSAHHS TennonpoBigHOCTI B pebpi 4o 6e3po3mipHOro Buay Ha OCHOBI
aHanisy po3MipHOCTEW BENWYMH, WO BXOAATb A0 PIiBHAHHA. HacTynHa 4yactuHa pobotn poboTa rpyHTYeTbCa Ha
aHanisi pe3ynbsraTiB YCENbHOro MOAENOBAHHS Ta iX NoganbLlIOoMy y3aranbHeHHi. [na uboro BUKOPUCTOBYETLCS
METOA rpagieHTHOro CMyCcKy 3 ypaxyBaHHAM MiHiMi3auii kBagpaTuyHOi yHKUii nomunkvi. PesynbraTty.
Po3pobneHo kpuTepianbHy 3anexHicTb, ka AOMNOBHIOE OTPUMAaHE PiBHAHHSA TEMnonpoBiAHOCTI y pebpi. Takox
npoBeAeHO TECTOBI PO3PaxyHKW Ta MOPIBHAHHS 3 YMcCenbHUM MoaentoBaHHAM y Ansys Fluent, wo niagTeepoxyoTtb
NiOBWLLEHHS TOYHOCTI PO3PaxyHKy MpW BUKOPUCTaHHI OTPMMAaHOIO PiBHAHHSA. TeopeTU4YHe 3Ha4YeHHA. Y poborTi
po3rnsHyTi dakTopw, WO BANMBaOTL Ha Tennonepenady B pebpax, AKMMu paHille HEXTYBanocs. Takum YMHOM,
pesynsratu, OTpUMaHi B AOCHIAXEHHI, AOMNOBHIOIOTb iCHYHOYI NiAX0AM OO0 BU3HAYEHHsT KoedilieHTiB opebpeHHs.
MpakTuyHe 3Ha4veHHs. OTpumaHa KpuTepianbHa 3anexHiCTb A03BOMUTL NIABMLLUMTU TOYHICTb PO3paxyHKiB
Tenenepeaadi y kamepax Ta ra3oreHepatopax PiavHHUX pakeTHUX ABuryHie. OpuriHanbHicTb / LliHHicTb. PoboTa
MICTUTb OpUriHanbHe KpuTepianbHe CMiBBIOHOLLEHHS, Lo A03BOSISE BPaxoByBaTu TeMMNepaTypHy HEPIBHOMIPHICTb
y nonepeyHomy nepepisi pebpa. YpaxyBaHHS LbOro haktopy A03BOMNSA€ NiABULLMTU TOYHICTb PO3paxyHKiB, O
3YMOBIIOE ULIHHICTb OTPUMAHOrO PIBHAHHA MNif 4ac MNPOBEAEHHS MNPaKTUYHUX pO3paxyHKiB. OOMeXeHHs
pocnigxeHHs / ManbyTHI gocnigxeHHsA. Y LboMy AOCHiAKEHH po3rnsigaoTees NpsiMOKyTHI pebpa. BignosigHo,
oTpyMaHa mopgernb He Moxe OyTu BUKOpUCTaHa Ans BU3HAYeHHs koedilieHTa opebpeHHst B TpakTax PianMHHMX
pakeTHux asuryHis (PPL) 3 pebpamu 3miHHOT TOBLLMHN. Po3pobka Mogeni pebpa, sika 6yna 6 nosbasneHa AaHUx
obmexeHb, cTaHe MeTOolo noganbLlunx gocnigkeHb 3 AaHoi TeMaTuki. Tun ctatTi. MNpuknagHe gocnigXeHHs.
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Accurate calculation of the influence of fin parameters on heat
transfer in the cooling tract is a critical stage in the design of liquid-
propellant rocket engine chambers and has been the subject of ex-
tensive research in recent studies (Leonardi et al., 2019; Vekilov et
al., 2021). This is primarily due to the fact that the fin efficiency
coefficient can assume values either greater or less than one. Con-
sequently, in some cases, the selected fin geometry may actually de-
grade heat transfer performance. To prevent such outcomes, reliable
and precise methods for calculating all heat transfer parameters are
essential.

However, many widely used approaches were developed dur-
ing the last century. At that time, the ability to conduct a large num-
ber of computational experiments was limited, and several methods
were deliberately simplified to allow for manual calculations with-
out the use of computers. As a result, these established methods pos-
sess significant limitations regarding the ranges of parameters
within which their application remains valid.

An example of such a technique is the traditional approach to
fin calculations (Forsberg, 2021). In deriving the heat conduction
equation for a fin, simplifications are introduced by treating the fin
as a rod whose cross-sectional dimensions (a?) are small compared
to its length (L) (see Fig. 1), thereby reducing the problem to a one-
dimensional heat conduction formulation.

Fluid at T, h
Wall at T /

Figure 1 — Considered configurations (Source: Forsberg, 2021)

As a result, the equation incorporates an average temperature
over the fin’s cross-section. However, the intensity of heat transfer
depends on the surface temperature of the fin, which, in the general
case, differs from the cross-sectional average. Moreover, in real en-
gines, the geometry of fins does not always align with these simpli-
fying assumptions. Therefore, applying this equation can lead to
significant errors in certain cases.

An alternative approach involves developing new mathemati-
cal models based on the generalization of numerical experiment re-
sults. Such models, on the one hand, overcome the limitations of
earlier methods, and on the other hand, enable the rapid determina-
tion of cooling system parameters — an important advantage in the
context of growing competition in the rocket and space industry.
This is supported by studies (Sliusariev & Bucharskyi, 2024; Bu-
charskyi et al., 2018), which demonstrate that new mathematical
models can achieve improved accuracy while reducing the compu-
tational effort required.

Naturally, the resulting mathematical models are less conven-
ient for manual use, but they are better suited for algorithmic imple-
mentation and programming. Therefore, a key consideration in this
context is the effective use of computer-integrated technologies in
rocket engine design, as illustrated in (Sukachevskyi & Shevtsov,
2024). At the initial stage of model development, it is important to
determine the target platform for implementation—whether it will
be a computer algebra system such as Mathcad (PTC Inc, 2025), or
specialized libraries for general-purpose programming languages,
such as SciPy for Python (Virtanen, P et al., 2020). This helps to
identify the available capabilities and limitations from the outset. In
their work, the authors focused on the functionality provided by the
Wolfram Mathematica system (Wolfram Research, Inc., 2025).

It is also important to note that such a model is applicable not
only to LPRE chambers, but also to other components, such as gas
generators and heat exchangers in tank pressurization systems (Mi-
tikov & Sedchenko, 2023). The results obtained may also prove val-
uable in the development of new heat supply systems, whose sig-
nificance is highlighted in recent studies (Bilohurov et al., 2024; To-
karskyi & Habrinets, 2024).

Literature review and problem statement

To confirm the relevance and novelty of the problem, a review
of recent research in this area was conducted. The literature analysis
revealed that many contemporary studies are still based on classical
finning theory. Examples include studies (Sichler et al., 2018; Kose
& Celik, 2023), which present the development of one-dimensional
models for cooling rocket engine chambers using methane — a par-
ticularly timely topic given the growing interest in this fuel, driven
in part by the success of SpaceX’s Raptor engine (Williams, 2023).

Another widely adopted approach involves the use of com-
puter-aided engineering (CAE) systems. These tools enable the sim-
ulation of both hydraulic processes within cooling channels and heat
conduction through chamber walls and fins. For instance, study
(Jeong et al., 2023) demonstrates the feasibility of modeling heat
transfer using open-source software, which offers a cost-effective
alternative for small companies and startups unable to invest in
commercial solutions. In other studies (Xu et al., 2023; Kim et al.,
2014), heat conduction in the chamber wall and fins was modeled
as part of a conjugate heat transfer analysis of the engine chamber.
However, it is important to note that numerical modeling requires
substantial computational resources and remains time-consuming,
even with modern tools.

An innovative approach was proposed in (Fagherazzi et al.,
2023), where a novel multi-zone method was applied to calculate
heat conduction within the fins. This technique improved the accu-
racy of the results, though it came at the cost of increased computa-
tional complexity. The authors validated their model by comparing
its predictions with data from hot-fire tests of an engine chamber.

Recent studies also explore the optimization of cooling duct
geometry. In (Lv et al., 2023), temperature fields in the chamber
walls — obtained through three-dimensional numerical simulations
— were analyzed to guide the optimization of channel parameters.
Another study (Atefi & Naraghi, 2019) formulated an optimization
problem based on classical methods for evaluating heat transfer in-
tensity, finning efficiency, and pressure losses. Using an iterative
approach, the authors determined duct geometries that minimized
either temperature variations along the duct or the maximum wall
temperature.

However, the literature review also revealed a lack of suffi-
ciently simple analytical relationships that account for transverse
temperature non-uniformity. Such models would be particularly
useful during early-stage design and for conducting parametric
studies. In light of these considerations, the development of a math-
ematical model that accounts for transverse temperature non-uni-
formity in the fins of LRE cooling channels remains a relevant task.

Objective and Tasks

The objective of this study is to develop an approach for cal-
culating the finning coefficient that accounts for the reduction in
heat transfer intensity from the fin surface due to transverse temper-
ature non-uniformity within its cross-section.

To achieve this objective, the following tasks are addressed:

— reformulate the heat conduction equation for a straight fin
into a dimensionless form by deriving the characteristic dimen-
sionless criteria;

— perform numerical simulations of heat conduction in fins
and assess the error in the resulting equation associated with tem-
perature non-uniformity;

— derive a criterial relationship for the heat conduction equa-
tion in the fin that incorporates the effect of temperature non-uni-
formity.

Materials and Methods

In this study, the theory of dimensions and similarity was em-
ployed to reformulate the heat conduction equation in a dimension-
less form.

The influence of transverse temperature non-uniformity in the
fin cross-section was evaluated using the results of numerical sim-
ulations. Thermal conductivity modeling was carried out in the
CAE system Ansys Fluent 2020 R1. In these simulations, the fin
thickness (8), material thermal conductivity (A), and the heat trans-
fer coefficient (o) were varied. The considered cases, along with the
problem setup, are presented in Figure 2.
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Figure 2 — Considered configurations (Source: Authors)

To derive the criterion-based correlation from the numerical
simulation results, regression analysis (Mohr et al., 2022) was per-
formed using logarithmic scaling. This approach is applicable to a
relationship of the form:

u=_Czm (1)
After that, the logarithms of both sides of the equation are
taken:
In(u) = In(C) + m In(2),
resulting in a linear regression model:
y=a+mx, 2)

where ¥ = In(u), a =In(C), x = In(2).

Next, the coefficients @ and m were determined using the gra-
dient descent method by minimizing the quadratic error function.
To achieve this, we define the following function:

1 . .
J(a,m) =ﬁ2(9(‘) —y®)%,

where N — number of data points used for the regression, y — repre-
sents the known function values for these data points, ¥ — value pre-
dicted by equation (2) using the current coefficients @ and m. At each
iteration, the coefficients a and m are updated according to the fol-
lowing expressions:

aJ
aca-ny; 3)
mem—n2L 4
Mom
Here,  — learning rate, chosen as the maximum value that en-

sures numerical stability. The partial derivatives in equation (3, 4)
are defined as follows:

o 1 o
é = NZ(a +mx® — y©) xO;

aJ 1 . .
—_=— E @ — @
3 N (a+mx y )

The calculation was performed iteratively until the coeffi-
cients a and m converged.

Results

This study considered ribs of constant thickness. To formulate
the corresponding equation, the relationship proposed by the au-
thors in (Sliusariev & Bucharskyi, 2024) was taken as a starting
point:

%(/16 %) =a(T—Ty) 1+ (Z—i)z

a transformation was then applied to express the temperature in
terms of the excess temperature relative to the liquid temperature:

0=T—"Ty

Additionally, a simplification was introduced based on the

assumption that the ribs are straight:
dé
a = 0
As a result, the equation was rewritten in the following form:
d de

L(16%2)=as. (5)

dx dx
The associated boundary conditions can be expressed as:

x=0-0 =0
a6

xX=x -»—=0.
max a x
Next, dimensional analysis was applied to the problem, with
the temperature 6 expressed as a function of the parameters in the
original equation:

0=f(38 ax0).

In this case, the total number of variables is n = 6. Among
them, it is possible to select k = 3 variables with independent dimen-
sions: mass (m), temperature (K) and power (W). According to the
Buckingham n-theorem (Ting, 2022), the relationship can be re-
duced to n - k = 3 dimensionless parameters. By selecting 6,
A and § as the repeating (base) variables, the following dimension-
less groups were obtained:

0 x

HOZQ_OZR; leg:Z; HZZ_:BL;

My = oIy, ITy).

In the resulting equation, Bi represents the Biot number — a
well-known similarity criterion defined as the ratio of the wall’s
thermal resistance, § /A, to the thermal resistance associated with
heat transfer from the surface, 1/a.

To establish a relationship between Ilo and the dimensionless
groups I and I, the variables from equation (5) were re-expressed
in terms of these new dimensionless parameters:

10
T sa7

x ox
—=z-20z=—/->0x=60z—> —

é é ox

R - 0R 26 08 = 6, OR
_— bd = — > = .
0 0 °
After substitution and simplification, the equation was ob-
tained in the following form:

1 9%R
oz T ©)

The corresponding boundary conditions were written as:
z=0->R(0)=1;
OR

Z = Zmax = i 0.

Next, numerical modeling of heat conduction within the fin
was carried out. As shown in Figure 3, preliminary calculations con-
firmed the relevance of the problem, as a noticeable difference was
observed between the surface temperature of the fin and the average
temperature across its cross section.
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Figure 3 — Temperature variations along the wall (Source: Authors)
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To assess the influence of various cooling channel parameters
on the observed discrepancy, a series of parametric calculations was
performed. The parameters varied included fin thickness, the ther-
mal conductivity of the fin material, and the heat transfer coeffi-
cient. Table 1 presents the extracted heat fluxes obtained from An-
sys Fluent (q,) and from the derived equation (q.), along with the
corresponding error (A). The calculations were performed for the
configurations shown in Figbre 2.

Table 1. Summary of calculation results (Source: Authors)

Ne é, 4, a, Gas qes A,
mm W/(mK) Wm*K) kW kW %

1 0.5 20 5 5.9 6.0 1.0
2 15 10.1 104 2.5
3 30 14.0 14.7 4.6
4 300 5 15.1 15.1 0.1
5 15 35.0 35.1 0.3
6 30 54.2 54.4 0.5
7 1.25 20 5 8.8 9.1 2.5
8 15 15.5 16.4 5.6
9 30 21.1 23.2 9.3
10 300 5 16.6 16.7 0.3
11 15 43.6 43.9 0.8
12 30 74.0 75.0 1.3

As shown in the table, the error exceeds 5% in some calcula-
tion cases, which is considered unsatisfactory. Figure 4 illustrates
the influence of the fin material's thermal conductivity and the fin
width on the non-uniformity of the temperature distribution across
the cross section. The analysis indicates that the error associated
with this effect increases with greater fin thickness and higher heat
transfer coefficients, as well as with lower thermal conductivity of
the fin material. These parameters collectively define the Biot num-
ber, which appears in the derived heat conduction equation for the
fin.

Fin #9 Fin #6

3000 3600 4200 4800 5400 600.0 660.0 7200 7800 8400

EEm— -]

Total Temperature

9000 k1

Figure 4 — Results of numerical simulation (Source: Authors)

To derive a relationship that accounts for the influence of tem-
perature non-uniformity across the fin cross-section on the finning
coefficient, the heat conduction equation was sought in the follow-
ing form:

1 9°%R
Bi* 9z2 =
where Bi* denotes an effective Biot number. Based on the results of
the numerical experiment, this effective Biot number was defined
as:

Bi* = Bi (qe/Qa)zl
where ¢, is the heat flux obtained from the Ansys Fluent simulation
and ¢. is the heat fluxes calculated by integrating equation (6):
e = a 8, 0 [[" R(2) dz. (7

Since the effective Biot number, Bi*, depends on the calculated
Biot number, its relationship was assumed to take the following
form:

Bi* = C Bi™.

Since the target function has the form of equation (1), the pre-
viously described regression analysis method was used to determine
the unknown coefficients. The resulting values of the coefficients
were: C = 0.853, m = 1.04.

The resulting correlation was extended using equation (6). As
a result, based on the numerical simulations conducted in Ansys
Fluent, the following relationship was obtained:

i~1.04 °R _
0.853 Bi104 =2 = R, (8)

Next, we derive an expression for calculating the finning coef-
ficient, incorporating the previously obtained relationship. By defi-
nition, the finning coefficient is the ratio of the heat flux through a
finned surface to that through a smooth wall:

ny = Z—: ©

The heat flux through smooth walls is calculated using the
Richman equation:

qs = @ R(0)0y s = a 0, s; (10)

To determine the heat flux through the fin in equation (7), the

standard function R from equation (6) was replaced with a new
function (8) that accounts for temperature non-uniformity:

g5 = a8, 60 " (0853 B2 28) a2 (1)

By substituting expressions (10) — (11) into equation (9), and
considering that the rib covers only part of the wall surface, we ob-
tain a formula for calculating the finning coefficient that accounts
for transverse temperature non-uniformity in the rib cross section.
After some simplifications, the final expression for the finning co-
efficient is given as follows:

2
6, J;m (08538119 T E) dz + (s - 6)

Mr S

Discussion

The obtained correlation was subsequently verified. In this
study, the results of numerical modeling in Ansys were used as the
reference, which is a reasonable assumption given that modern CAE
systems can accurately simulate a wide range of physical processes.
One limitation of the study is the small sample size used for the
comparison, which will be addressed in future work. A visualization
comparing the deviations between the classical method, the new
equation, and the numerical modeling results is shown in Fig. 5.

10%
9%
8%
M Traditional equation
7%
m New equation
6%

5%

4%

3%

2%

=~ h l.wl

0% I _I Ml m I | | mll Il _
1 2 3 4 5 6 7 8 9 10 11 12

Figure 5 — Variation of the calculated error when applying the
derived equation (Source: Authors)

For the cases considered (see Figure 2, Table 1), this equation
yields an error of no more than 2%, representing a reduction in error
by more than a factor of 4.5. Based on this comparison, obtained
correlation can be recommended for use in practical calculations of
cooling liquid propellant rocket engine chambers.

Conclusions

This study presents a new approach to determining the finning
coefficient that accounts for the non-uniform temperature distribu-
tion across the fin cross-section. To achieve this goal, the previously
derived heat conduction equation for a straight fin was first trans-
formed into a dimensionless form using similarity theory. This
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transformation yielded key dimensionless parameters, including the
dimensionless temperature, dimensionless coordinate, and the Biot
number.

Subsequently, a series of numerical experiments were con-
ducted to investigate heat conduction in the fins, using the Ansys
Fluent CAE system for modeling. Based on the analysis of the sim-
ulation results, the error of the equation — caused by the transverse
temperature non-uniformity in the fin cross-section — was estimated.
For the cases considered, this error reached up to 9.3%.

Next, using the dimensionless criteria, a modified heat conduc-
tion equation was derived for the fin, incorporating the effect of
transverse temperature non-uniformity. The coefficients of this
equation were determined through regression analysis based on pre-
viously obtained numerical simulation results. Subsequent valida-
tion calculations demonstrated that, for certain fin configurations,
the use of the proposed equation reduces the computational error by

more than a factor of 4.5. The final equation was integrated into the
expression for calculating the finning coefficient.

As aresult, this study presents an original mathematical model
that accounts for temperature non-uniformity across the fin cross-
section. This improvement enhances calculation accuracy and can
reduce the time required for the design and testing of components.
Considering the above, the proposed approach is recommended for
use in the thermal analysis of cooling channels in the chambers and
gas generators of liquid rocket engines.

Akey limitation of the proposed model is its assumption of fins
with constant thickness. This restricts its applicability to advanced
3D-printed fin geometries with complex shapes. Future research
will aim to refine the model to more accurately capture temperature
non-uniformity within the fin cross-section. In particular, the influ-
ence of variable fin geometry will be explored to develop a more
general and broadly applicable model.
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