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1 INTRODUCTION 

For many decades, the main, if not the only, equivalent circuit of a 
single-phase transformer was its T-model, Fig. 1. To avoid ambiguity and 
take into account the topology of the core and windings, we will use the 
terms inner and outer windings, instead of the primary and secondary 
windings. So, inductances LS1 and L′S2 are the so-called "leakage induct-
ances" of the inner and outer windings, respectively, r1 and r′2 are their 
resistances. In order to reproduce hysteretic (quasi-static) properties of the 
core material and to account for the dynamic core losses and saturation, 
the magnetizing branch Lm in Fig. 1 is represented by an ATP-inductor 
DHM [1], which implements, starting with 2019 version, a Dynamic Hys-
teresis Model (DHM) [2]. 

 

 

 
Figure 1 – A conventional equivalent circuit  

of a single-phase transformer 
 
Although the T-model does not "disclose the actual distribution of 

magnetic fluxes" within the transformer [3], it is widely used to describe 
its operation under the normal conditions and is a dominant transformer 
model in textbooks and papers.  

Shortcomings of the T-model are revealed when the transformer core 
approaches saturation. Examples include inrush current and ferroreso-
nance events, transformer operations under geomagnetically induced cur-
rents and those occurring in generator transformers during an out-of-phase 
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synchronization. Each of these operations has its own characteristics and 
is considered separately. In this paper, we confine ourselves to considering 
inrush currents, which remain a subject of ongoing publications. Unfortu-
nately, a lot of these papers focus on secondary details, mostly on hystere-
sis modeling [4], [5] and miss the fact that using the T-model in the inrush 
current evaluation is fraught with serious flaws.  

The same can be said about the models of three-phase transformers 
[6], [7], [8], which neglect the recommendation in [9] that each wound 
limb must be shunted by an air branch (the latter divides the iron branches 
into legs and yokes). 

The first disadvantage of the T-model is the artificial subdivision of 
the leakage transformer inductance LS (= LS1 + L′S2) into individual (phys-
ically non-existing) "leakage inductances" of individual windings. As will 
be shown in Section 2, such a subdivision can lead to underestimated in-
rush current peaks calculated for the inner winding and to overestimated 
current peaks for the outer winding. 

In the shell and core type transformers (their legs and yokes are satu-
rated differently), these errors are masked by another inherent drawback 
of the T-model, namely by the fact it contains only a single magnetization 
branch. To circumvent this masking effect and to better explain the errors 
due to the leakage subdivision, a toroidal core transformer is first consid-
ered in Section 2. Section 3 explains the necessity of introducing an addi-
tional magnetizing branch, which converts the T-model into a π-type struc-
ture devoid of the mentioned disadvantages. 

Although this paper is devoted to generalized transformer models, 
simple analytical estimates of inrush current peaks are provided in Section 
3 to facilitate subsequent explanations. 

2 TOROIDAL TRANSFORMER MODEL 

Our intention in this section is to show the errors in inrush current pre-
dictions due to the "leakage subdivision". To avoid the problem of different 
magnetization levels of the leg and yokes, consider a transformer with a 
single magnetization branch, that is, a long toroidal core with two infinitely 
thin windings wound tightly over the entire core. The absence of the yokes 
and a large length l of the core allow one to straighten it out mentally into 
a ferromagnetic saturable rod, Fig. 2, whose ends are joined by a magnetic 
closure having an infinitely large magnetic permeability (µ = ∞). 
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Figure 2 – Toroidal transformer "unwrapped"  
into a straight wound rod  

 
Neglecting the winding resistance and assuming an idealized voltage 

source, tVtv sin)( m= , switched to the inner or outer winding (each having 

N turns), the inrush current peak Im in the device of Fig. 2 can be calculated 
fairly accurately using inductance Lsat of the completely saturated wound 
core [10], [11], [12]: 

 

 (1) 

where 

 (2) 

 
Here, A is the cross section of the core steel, B0 is its initial flux den-

sity; BS (= 2.0 ‒ 2.03 T) is the saturation flux density of grain-oriented 
steel; h and deqv are the height and mean diameter of the excited winding. 

It should be recalled that the leakage inductance LS is determined by 
the width d12 of the leakage channel between the inner winding 1 and the 
outer winding 2. 

When the excited coil is the inner winding 1 (when deqv = D1), the 
open-circuit outer winding 2 "does not exist" [13] and the leakage channel 
does not participate in the magnetization process. This means that induct-
ance LS is not involved in the inrush current evaluation and no part of LS 
can be included in the current path between terminals 1 and 0 of the inner 
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winding in Fig. 3. However, a necessary element of the magnetization 
branch is inductance L01 which represents the insulation clearance d01 be-
tween the inner winding 1 and the grounded core. 

 

 
 

Figure 3 – An equivalent circuit of a toroidal transformer 
 

When the excited coil is the outer winding 2, i.e. deqv = D2, the space 
between winding 2 and the core includes the leakage channel (of width 
d12) and the innermost clearance (of width d01). Therefore, the inrush cur-
rent path between terminals 2 and 0 in Fig. 3 should include the whole 
inductance LS plus the just mentioned inductance L01. 

It should be clear that moving any part of inductance LS into the loop 
of the inner winding 1, that is, returning to the model in Fig. 1 would result 
in underestimation of the true current peak in the inner winding 1 and, 
respectively, in overestimation of the current peak in the outer winding 2. 

For the toroidal transformer considered in this section, the Γ-type 
model in Fig. 3 is equally suitable for inrush current evaluation and mod-
eling the rated operation. This is because the core length l used in the core 
loss evaluation is equal to the winding height h employed in (2). Quite 
different situation takes place in transformers with legs and yokes consid-
ered in the next section. 

3 THE CORE AND SHELL TYPE TRANSFORMERS 

It is crucial to note that the core length l employed at the transformer 
design stage (it is used for the core loss evaluation) is several times greater 
than the height h of the winding used in the inrush current prediction. This 
makes inductance Lm in the general purpose models of Figs. 1 and 3 ap-
preciably smaller than inductance Lsat in (2). Therefore, these models 
would always overestimate the inrush current significantly regardless of 
which winding is energized. The reason can be explained by different sat-
uration depths of the wound leg and yokes.  
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Figure 4 – Magnetic flux paths in a shell-type  
transformer with two concentric windings 

 
When a transformer is energized, the core leg can reach very deep sat-

uration. In this case, the magnetic flux density in the wound leg and the 
adjacent air channel(s) can reach values of the order of 3 T and higher. This 
is due to the fact that most of the leg is in a "tube" formed by the magnet-
izing winding. Regardless of the degree of saturation of the leg, no or a 
small part of its flux can escape from the tube.  

The saturation of the side branches (SBs) of the core (they compose of 
the lateral limbs and the related yokes) remain moderate in the sense that 
the flux density in the SBs does not usually exceed 2 T. This is due to the 
fact that, as the SBs saturate, the magnetic permeability of their material 
approaches the vacuum permeability (µ0), resulting in arising shunting 
magnetic fluxes, designated as Ф

0
 in Fig. 4. The lengths of these air paths 

are shorter than that of the saturated SBs. Thus, the shunting fluxes Ф
0
 

keeps the SBs from further saturation. Regarding the space occupied by 
Ф

0
, it depends on the winding which is energized. When the exited wind-

ing is the inner one, the flux in the leakage channel flows downward and 
merges with the flux flowing beyond the windings. When exiting the outer 
winding, the flux in the leakage channel flows upward and merges with 
flux Φ01. 

These flux paths are reflected in the magnetic network in Fig. 5 [12] 
where F1 and F2 are sources of magneto-motive force of the inner and outer 
windings, respectively. The shaded elements represent hysteretic reluc-
tances of the leg (ℜleg) and side branches (ℜSB), whereas unshaded ele-
ments designate linear reluctances of the paths in air (the subscripts of the 
ℜ01, ℜ12 and ℜ0 are the same as those of the magnetic fluxes). 
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Figure 5 – Magnetic equivalent networks of a two-winding transformer 
 
Using the duality transformation [14], [15], the magnetic network in 

Fig. 5 is converted into its electrical equivalent shown between points 1 
and 2 in Fig. 6.  

 

 

 
Figure 6 – π-shaped electric equivalent circuit  

of a two-winding transformer 

 

In deep saturation, the final slope dB/dH of B-H curve of any material 
from the DHM library is equal to the magnetic constant µ0 = 4π×10−7 
H/m. It is important that the segment with slope µ0 lies at the level of the 
technical saturation of transformer steel (near 2 T), but not at 1.7-1.8 T 
sometimes taken carelessly. Therefore, the model behavior in saturation is 
determined by inductances L01 and L0. Their proper choice makes the 
model reversible, that is, capable of replicating inrush currents measured 
on terminals of both the windings.  

At this point one should be cautious about uncritical use of π-models 
with equal magnetizing inductances of the leg and yoke branches. (This 
model version is suggested for the case of insufficient information about 
transformer design [16]). This simplification, as well as the absence of 
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inductances L01 and L0, makes the π-model symmetrical that contradicts 
different magnetization curves for the leg and yoke in saturation first ob-
served in [17] and then reprinted in Fig. 6.16 of [18].  

The difference between two magnetizing branches at large flux link-
ages results in different magnetization curves and inrush current values 
determined for terminals of the whole transformer. Such curves calculated 
for the transformer in [12] are shown in Fig. 7 where flux linkages Ψ1 and 
Ψ2 are integrals of the voltages at points 1 and 2 of the model in Fig. 6. 

 

 

Figure 7 – Magnetization curves calculated from terminals  
of inner and outer windings 

 

In their saturation regions, the Ψ–i curves in Fig. 7 can be character-
ized by differential inductances, Lsat1 = dΨ1/di and Lsat2 = dΨ2/di. The meth-
ods of their measurements are proposed in [19], [20] and [21] where ine-
quality Lsat2 > Lsat1 was clearly demonstrated.  

To account for the winding thicknesses, the model in Fig. 6 is provided 
by two groups of three inductances as shown in Fig. 8. This technique was 
proposed in [22] and then used in [23], [24] where inductances Lp are 
shown to be proportional to one sixth of the thickness of the corresponding 
winding. 

When introducing inductances Lp, the values of L01 and L0 of the model 
are recalculated so as to maintain the reversibility of the model. This keeps 
unchanged the magnetization curves in Fig. 7 and thus inrush currents. 
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In concluding the paper, we can evaluate the influence of the hysteresis 
properties of the core material on the transformer behavior during inrush 
current events. For definiteness, the transformer is demagnetized thor-
oughly before each energization. Fig. 9 shows inrush currents calculated 
with the models in Fig. 6 and 8 excited from the inner and outer windings 
(assuming opposite winding open-circuited).  

 

 

 
Figure 8 – π-equivalent circuit of a two-winding transformer, which ac-

counts for the winding thicknesses 

 

 
 

Figure 9 – Inrush currents on terminal of the inner and outer windings 

 

It was found with certainty that both the current peaks in Fig. 9 and 
the rate of their decay practically do not depend on the hysteresis 
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properties of the core and on the core loss at all. This is consistent with 
conclusions made in the recent modeling of ferroresonance processes in 
small voltage transformers [25] and in studying effects of geomagnetically 
induced currents in large 400 MVA units [26]. At the same time, account-
ing for material saturation is found necessary in all of these cases. For this 
reason, the saturation curve is included in all materials contained in the 
DHM library. 

4 CONCLUSION 

We have attracted attention to typical mistakes made in modeling 
transformer inrush currents. It is explained that the main mistake is the use 
of the convenient T-model and their three-phase derivatives. Their disad-
vantages are rooted in using separate leakage models of primary and sec-
ondary circuits, as well as in inability to reproduce different magnetization 
levels of the legs and yoke. We show the benefits of the π-model, but at 
the same time, caution against its oversimplification. Although we use an 
advanced hysteresis model to describe processes in the legs and yokes, it 
is shown that accounting hysteresis and core losses is completely optional 
in modeling inrush currents. These model properties have no visible im-
pact neither on the current peaks nor their decay in time.  
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